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An edge xy of a k-connected graph G is said to be k-contractible if the graph 
G. xy obtained from G by contracting xy is k-connected. We derive several new 
results on the distribution of k-contractible edges. Let G[E,(G)] be subgraph of G 
induced by the set E,(G) of k-contractible edges in G. We show that if G is a 
k-connected graph (k > 2) which is triangle-free or has minimum degree at least 
L3k/2_1, then G[E,(G)] is 2-connected and spans G. Furthermore, if k > 3, then G 
contains an induced cycle C such that every edge of C is k-contractible and 
G - v(C) is connected. 0 1990 Academic Press, Inc. 
For terms not defined in this paper see [2]. An edge xy of a k-connected 
graph G is said to be k-contractible if the graph G -xy obtained from G by 
contracting xy is k-connected. Otherwise xy is k-noncontractible. Let E,(G) 
denote the set of k-contractible edges in G. To avoid cumbersome 
trivialities, we only refer to contractible edges in graphs whose connectivity 
is at least two. Also, for every theorem (not lemma) of this paper we 
assume that G is a k-connected graph which is trianglefree or has minimum 
degree at least L3k/2]. These two hypotheses seem to always yield the same 
conclusion. 
It will be necessary to investigate the interaction between cutsets and 
components of a graph obtained by removing cutsets. To facilitate this 
kind of analysis, we use some special notation. Let P be a subgraph of a 
graph G. If A is a minimum cutset of G and E( G[A ] ) n E(P) # 0, A is a 
P-cutset of G. A P-end of G is a component G1 of G - A where A is a 
P-cutset of G and no proper subgraph of G1 is a component of G - B 
where B is also a P-cutset of G. Clearly if A and G1 are chosen so that 
v( G, ) is as small as possible, then G1 is a P-end of G. 
Our first lemma is fundamental to the remainder of the paper. Its proof 
is omitted because similar proofs can be found in other papers (for 
example, [ 3, 41). 
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LEMMA 1. Let G be a k-connected graph, and suppose A is a minimum 
cutset of G containing both ends of some k-noncontractible edge. If some 
component H of G-A has a vertex of degree at least L3k/2j in G, then 
v(H) > Lk/2_1+ 1. Also v(H) > k for all components H of G-A, tf G is 
triangle-free. 
The next lemma concerns the existence of contractible edges and is easily 
proved using Lemma 3 of W. Mader [4]. Also, see the beginning of 
Section 2 of [4]. 
LEMMA 2. Let G be a k-connected graph, and let P be a subgraph of G 
such that for every P-cutset B of G every component of G - B contains at 
least Lk/2J + 1 vertices. If G1 is a P-end of G, then every edge of P with at 
least one end in G1 is k-contractible. 
Because every triangle-free 2-connected graph G which contains a K(G)- 
noncontractible edge also satisties the hypothesis of Lemma 1 and, hence, 
Lemma 2 with P = G, Lemmas 1 and 2 immediately imply the result of 
Thomassen [S] which states that every connected triangle-free graph [on at 
least three vertices] contains a tc(G)-contractible edge; that is, E,,,,(G) is 
nonempty for such graphs. However, much more can be shown. 
For the moment, let G be a triangle-free graph, and let G’ be the sub- 
graph of G with vertex set V(G) and edge set E,(G). Thomassen and Toft 
[6] asked, “what can be said about the structure of G’?” Thomassen’s 
result implies that G’ contains at least one edge, and for k = 3 Thomassen 
and Toft proved that G’ contains a cycle. In addition, Toft asked (private 
communication) if G’ is connected. The answer is yes; in fact, we show that 
G’ is 2-connected (Theorems 4 and 5). Observe that the triangle-free case 
of Theorem 5 was obtained by Y. Egawa et al. [3] using a different 
method. 
THEOREM 3. If P is a subgaph of G such that tc(G - E(P)) \< 1, then P 
contains a k-contractible edge. 
Proof For k - 2, this theorem follows from the well-known fact, for 
every edge e of a 2-connected graph G on at least four vertices, at least one 
of the graphs G - e and G . e is also 2-connected. Therefore, we restrict our 
attention to the case k 2 3. It suffices to assume that P is a minimal sub- 
graph of G such that K( G - E(P)) < 1. Then K( G - E(P)) = 1. Let w  be a 
cut vertex of G - E(P). By the minimality of P, G - E(P) - w  has exactly 
two components (say H1 and Hz), and E(P) = E(H1, H2). 
Assume (reductio ad absurdum) that every edge in P is k-noncontractible. 
For some edge xy of P there is a minimum cutset A which contains x and 
y and separates some P-end G 1 of G from G2 = G - V( G, ) - A. Since G2 
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also contains a P-end and is disjoint from G,, we may assume that 
GI misses w. We need Lemma 1 to imply the hypothesis of Lemma 2. 
Lemma 2 implies that E(P) n E( G,) = 0. Since E(P) = E(H,, Hz), we may 
assume that x lies in H, and y lies in H,. The minimum property of A 
implies that there exists an (x, G I )-edge xxi and a ( y, G i )-edge yyl in G, 
and these edges are k-contractible (Lemma 2) if they lie in P. If G1 lies un 
H, (respectively, Hz), then yyl (resp., xx,) lies in P, a contradiction. 
Therefore, Gi lies in neither H, nor H,; that is, Gi intersects H, and H2 
and does not contain w. Since G1 is connected, G, must contain an edge 
of P, a contradiction of the fact that every edge of G, is k-contractible 
(Lemma 2). m 
THEOREM 4. The graph G[E,( G)] is 2-connected. 
Proof: Let P= G[E(G) -E,(G)], and observe that if G[E,(G)] is not 
2-connected, then K(G - E(P)) < 1 and P contains only k-noncontractible 
edges contradicting Theorem 3. 1 
To see that Theorem 4 is best possible we construct infinitely many 
graphs such that G[E,( G)] is not 3-connected. We use P, to denote the 
path u1 u2 . es u,. Furthermore, if Gi, GZ, . . . . G, are graphs, let P,[G1 ,..., G,] 
denote the graph obtained by replacing ui with Gj (1 d i < n) and replacing 
each edge uk uk + 1 of P, with the complete bipartite graph whose parts Gk 
and Gk+l correspond to uk and uk+ 1, respectively. For the triangle-free 
case let Xr 22 K, and Yg&- I where I’(x)= (x,, . . . . x,}, V(Y)= 
(Y 1) . . . . yk- 1 ), and v(z) = (Z19 . . . . zm>. Now we use three new vertices 
x,y,z to define G=Gk+=P3[X, Y,z]+xyz+xx,+ ... +xx,+zz,+ 
-*- +zz,+yy,+ --* + yyk _ 1 where m > k - 1. Since the ( y, Y)-edges are 
k-noncontractible, G[E,( G)] is not 3-connected. For the case when the 
minimum degree is at least L3k/2 J, let U g WE K, and S z K,,, and 
Sr TZKkU1 where UE v(u), WE v(w), v(s)= (sl, . . . . s&i} and V(T)= 
It 1, . . . . tk _ i }. Adding a new vertex x, define G = Hk,,, = P4[ U, s, T, W] + 
uxw+x.s, + *-a +xs/,-1 +xt, + --I + xtk _ I where m 3 Lk/2 J + 2. Again, 
G[ Ek( G)] is not 3-connected because the (x, S)- and (x, T)-edges are 
k-noncontractible. 
Theorem 5 extends to higher connectivity the result due to K. Ando et 
al. [ 1 ] which states that every vertex of degree 3 in a 3-connected graph of 
order at least 5 is incident with a 3-contractible edge. This theorem also 
extends their result that every 3-connected graph has at least v/2 3-contrac- 
tible edges. Neither the triangle-free nor the minimum degree at least 
L3k/2 J condition can be dropped because, as Thomassen [S] points out, 
there are infinitely many k-connected k-regular graphs in which every edge 
lies in a triangle. 
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THEOREM 5. 
edges. 
Every vertex is incident with at least two k-contractible 
Proof: For any vertex x, the star P centered at x contains a k-contrac- 
tible edge e (Theorem 3). Theorem 3 also implies that P-e has a 
k-contractible edge. 1 
The next theorem follows immediately from Lemma 3 in [4] and 
Lemma 1 of this paper in the same way as Lemma 2. The triangle-free case 
has also been proven by Y. Egawa et al. [3, Theorem 21. Our method 
simultaneously handles the triangle-free case and the case of sufficiently 
large minimum degree. 
THEOREM 6. Let x E A where A is a G-cutset of G. If H is a component 
of G - A, then some (x, H)-edge is k-contractible. 
Thomassen and Toft [6] showed that every triangle-free 3-connected 
graph contains a cycle C such that every edge of C is 3-contractible. The 
next theorem strengthens this result by allowing a lower bound on the 
minimum degree to replace the triangle-free requirement and by showing 
that C can be chosen so that C is induced and G - V(C) is connected. In 
addition, the number 3 can be replaced by any integer k 2 3. We need the 
following lemma due to Thomassen and Toft [6]. 
LEMMA 7. Let G be a 3-connected graph, and let G’ be a connected sub- 
graph of G such that G - V(G’) contains at least one cycle. Then G - V(G’) 
contains an induced cycle C such that G - V(C) is connected. 
THEOREM 8. For k 2 3, G contains an induced cycle C such that every 
edge of C is k-contractible and G - V(C) is connected. 
Proof By Lemma 7, G contains an induced cycle C such G - V(C) is 
connected. Assume (reductio ad absurdum) that every such cycle contains ;a 
k-noncontractible edge. Let A be a G corresponding to a G-end G1. From 
Lemmas 1 and 2 it follows that, for each aE A, the graph 
Ga=W’WW {a)1 is acyclic and, hence, there is only one edge from a 
to G,. If G is triangle-free, then the (A, G,)-edges must be disjoint because 
v(G,) 2 k and G is k-connected. Since 6(G) > 3, S(G,) b 2 and, hence, G1 
contains a cycle (contradiction). If S(G) 2 L3k/2 J, then s(G1) = 
(1/2)(co~ Y(Gl) d(v) - k) b (1/2)(v(G,)LW/2 J - k) b 2v(G,) -k/2 3 v(G,) by 
Lemma 1. Hence, G, contains a cycle (contradiction). a 
The triangle-free case of Theorem 8 does not hold for k = 2; for example, 
let G be a cycle with a chord xy such that each xy-path in the cycle has 
length at least 3. However, Theorem 8 does hold for k = 2, if G has 
DISTRIBUTION OF CONTRACTIBLE EDGES 5 
minimimum degree at least 3. This follows by choosing a cutset {x, y ) 
and a component H of G - (x, y } so that H is minimal. Then 
fi = G[ V(H) u {x, y } ] + xy is 3-connected, fi - xy contains an induced 
cycle such that G - V(C) is connected (Lemma 7 with G’ = y and G = A) 
and every edge of C is 2-contractible in G (Lemmas 1 and 2). 
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